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$(\ell+1)$ $F(x, u)^{d}=^{ef}F(x, u_{1}, \ldots,u_{\ell})$ $F(x, u)$ $x$
$\varphi(u)$ ( critical point ) “ ”
1 Puiseux Puiseux
Puiseux ( )
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2
$F(x, u)^{d}=^{ef}F(x, u_{1}, \ldots , u_{\ell})\in \mathbb{C}[x, u_{1}, \ldots , u\ell]$
$x$ deg(F) $1c(F)$
$\deg(F)=n$ , lc $(F)=f_{n}(u)$ $f(u)\in \mathbb{C}[u]$ $u_{1},$ $\ldots,$ $u\ell$ tdeg $(f)$
$f(u)$ ord$(f)$ : $f(u)$ $F(x, u)$ $x$
$\varphi(u)$ : $F(\varphi(u), u)=0_{0}\Vert u\Vert$ $u_{1},$ $\ldots$ ,
$(|u_{1}|^{2}+\cdots+|u\ell|^{2})^{1/2}$ $u$ $f(u)$ $\lim_{\Vert u\Vertarrow 0}\Vert f(u)\Vert/\Vert u\Vert^{\lambda}=c$
$c\neq 0,$ $\infty$ $\Vert f(u)\Vert=O(\Vert u\Vert^{\lambda})$ $c=0$ $\Vert f(u)\Vert=o(\Vert u\Vert^{\lambda})$
$s^{d}=^{ef}(s_{1}, \ldots, s_{\ell})\in$ $F(x, u)$
$F(x, s)$ $F(x, u)$ $x$ $u_{1}-s_{1},$ $\ldots,$ $u\ell-s_{\ell}$ Taylor
1( ) $F(x, s)$ $s$
$f_{n}(s)=0$ $s$
$u=0$
1[ ] $F_{1}(x, u, v)$ ( “H. $T$ .” )
$F_{1}(x, u, v)=[(u+v)x-(u^{2}+v^{2})]\cdot[uvx^{2}-(u^{4}+v^{4})]+$ H. $T$ ..
deg(H.$T$ .) $\leq 2$ $F_{1}(x, u, v)$ $x$ $\varphi(u, v)$
$\varphi(u, v)=\frac{u^{2}+v^{2}}{u+v}+$ H. $T$ ., $\varphi(u, v)=\pm(\frac{u^{4}+v^{4}}{uv})^{1/2}+$ H. $T$ . for small $|u|$ and $|v|.$
$F_{1}(x, u, v)$ $(u^{4}+v^{4})x^{3}$ $\varphi(u, v)$ $u+v=0,$ $u=0$
$v=0$




2 $($Newton $ F_{New}(x, u)$ ; ) $F(x, tu)$ $cx^{i}t^{j}u_{1}^{j_{1}}\cdots u_{\ell}^{j\ell }c\in \mathbb{C}$
$i=il$ $+\cdots+j_{\ell }$ $(e_{x}, et)$ - $(i, j)$ $v=$ ord $(f_{n})$




$F_{New}(x, u)$ $f_{n}(u)$ ; lc $(F_{New})=f_{n}(u)$
$\mathcal{L}_{N}$
$w$
$-\lambda$ ( ) Newton $x^{\lambda}$
“
$(\lambda, 1)$- ” Newton $x^{0}-$
$0$ $F_{N}$ $w(x, u)$ $\alpha_{i}(u)$ $\Vert\alpha_{i}(u)\Vert=O(\Vert u\Vert^{\lambda})$
$\varphi(u)$ Newton $\mathcal{L}_{New}$
( ) $\varphi(u)$ $\infty$ ( $0$) $\varphi(u)$
$\varphi(u)$ “ ”




A $f_{n}(u)$ $F_{New}(x, u)$ $p_{N}ew(x, u)$
$x^{0}$ $0$
$F_{New}(x, u)$ $\alpha_{1}(u),$ $\ldots,$ $\alpha_{n}(u)$ $( \alpha_{1}, \ldots, \alpha_{n} )$
:




$\{\begin{array}{l}F(x, u) def= F_{New}(x, u)+F_{h}(x, u) ,\tilde{F}(x, u, \xi) def= F_{New}(x, u)+\xi F_{h}(x, u) .\end{array}$ (3.2)








$\tilde{F}(x, u, \xi)$ Hensel :
$\tilde{F}(x, u, \xi)\equiv G_{1}^{(k)}(x, u, \xi)\cdots G_{r}^{(k)}(x, u, \xi) (mod \xi^{k+1}) , k=1,2, \ldots.$
$G_{1}^{(0)}=x-\alpha_{1},\tilde{G}^{(0)}=F_{New}(x, u)/(x-\alpha_{1})$
$\{\begin{array}{l}\tilde{F}(x, u, \xi)\equiv G_{1}^{(k)}(x, u, \xi)\cdot\tilde{G}^{(k)}(x, u, \xi)(mod \xi^{k+1}) ,G_{1}^{(k)}(x, u, \xi)=x-\phi_{1}^{(k)}(u, \xi) . \phi_{1}^{(0)}(u, \xi)=\alpha_{1}(u) .\end{array}$ (3.3)
$\phi_{1}^{(\infty)}(u, 1)$
$\alpha_{1}$ Hensel
Moses-Yun $\alpha_{1},$ $\ldots$ , $\alpha_{n}$ Hensel
( [12] );
1 $F_{New}(x, u)$ Hensel $G_{1}^{(\infty)}$ $\tilde{G}^{(\infty)}$
$G_{1}^{(\infty)}(x, u, \xi) = x-\alpha_{1}+\sum_{k=1}^{\infty}\xi^{k}\frac{\delta F^{(k)}(\alpha_{1},u)}{F_{New}’(\alpha_{1},u)}$ , (3.4)
$\tilde{G}^{(\infty)}(x, u, \xi) = \frac{F_{New}(x,u)}{x-\alpha_{1}}+\sum_{j=2}^{n}\frac{F_{New}(x,u)}{(x-\alpha_{1})(x-\alpha_{j})}(\sum_{k=1}^{\infty}\xi^{k}\frac{\delta F^{(k)}(\alpha_{j},u)}{F_{New}’(\alpha_{j},u)})$. (3.5)
$\delta F^{(1)}=F_{h}(x, u)$ $k$ (k) $(k\geq 2)$
$\delta F^{(k)}(x, u) = -j\sum_{=2}^{n}\frac{F_{New}(x,u)}{(x-\alpha_{1})(x-\alpha j)}(\sum_{k=1}^{k-1}\frac{\delta F^{(k’)}(\alpha_{1},u)}{F_{New}(\alpha_{1},u)}\delta F^{(k-k’)}(\alpha_{j}, u)F_{New}(\alpha j,u))$ . (3.6)
2(Hensel ) $F_{2}(x, u, v)$
$F_{2}(x, u,v)=[(u+v)_{X}-1][uvx^{2}+(u-v)x+1]+(u^{3}+v^{3})x^{2}+(u+v)$ .
$F_{2}(x, u, v)$ Newton $F_{2New}(x, u, v)=[(u+v)x-1][uvx^{2}+(u-v)x+1]$
$[(u+v)x-1]$ Hensel $\phi_{1}^{(k)}(u, v)$ $F_{2}(x, u, v)$
$\varphi_{i}(u, v)(i=1,2,3)$ I $\alpha_{1}$ Hensel $\phi_{1}^{(k)}(u, v)$ $k=4$ Mathematica




$\overline{\phi}_{1}^{(4)}(u, v)$ “ ” 5 Hensel
( ) $u=-O.05$
Hensel ($j$ umping) $\phi$
4




$F(x, u)=f_{n}(u)x^{n}+f_{n-1}(u)x^{n-1}+\cdots+f_{0}(u)$ $u$ $\Vert u\Vert\ll 1$ $f_{n}(u)$
$o(\Vert u\Vert^{a})$ $O(\Vert u\Vert^{a’}),$ $a’\geq a+1$ ,
4.1 ord$(f_{n})=0$
ord$(f_{n})=0$ $f_{n}(0)\neq 0$ $f_{n}(u)$ $0$
1 $ord(f_{n})=0$ $u$ $\alpha_{i}(u)-\alpha j(u)(\forall i\neq j)$
$\Vert\alpha_{1}\Vert, \Vert\alpha_{1}-\alpha_{j}\Vert=O(\Vert u\Vert^{\lambda})(j=2, \ldots, n)$ , (4.1)
$\Vert F_{New}’(\alpha_{i}, u)\Vert=O(\Vert u\Vert^{(n-1)\lambda}) (i=1, \ldots,n)$, (4.2)
$\Vert F_{h}(\alpha_{i}, u)\Vert= o(\Vert u\Vert^{n\lambda}) (i=1, \ldots, n)$. (4.3)
$\Vert u\Vert\ll 1$ $\alpha_{1},$
$\ldots,$
$\alpha_{n}$ $F_{N}$ $w(x, u)$ $f_{n}(u)$
A (4.1) (4.2) $F_{h}(x, u)$ $X$
$F_{New}(x, u)$ 1 (4.3) $\langle)$
4.2 ord$(f_{n})=v>0$
2 $A$ $u$ $f_{n}(u)$ $\alpha_{i}(u)-\alpha j(u)(\forall i\neq j)$
$\Vert\alpha_{1}\Vert, \Vert\alpha_{1}-\alpha_{j}\Vert=O(\Vert u\Vert^{\lambda})(j=2, \ldots, n)$ , (4.4)
$\Vert F_{New}’(\alpha_{i}, u)\Vert=O(\Vert u\Vert^{\nu+(n-1)\lambda}) (i=1, \ldots, n)$ , (4.5)
$\Vert F_{h}(\alpha_{i}, u)\Vert=o(\Vert u\Vert^{\nu+n\lambda}) (i=1, \ldots, n)$. (4.6)
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(4.4) (4.5) A $F_{h}(x, u)$ $F_{New}(x, u)$
1 (4.6)
3Hensel $\phi_{1}^{(\infty)}(u, \xi)$ $\xi^{k}$ $\phi_{1}^{(k)}(u)$ $u$ $\alpha_{i}(u)-\alpha_{j}(u)(\forall i\neq j)$
$\Vert\delta\beta_{i}^{(k)}(u)\Vert=o(\Vert u\Vert^{\lambda+k-1})$ for small $\Vert u\Vert$ . (4.7)
2 (3.4) $\delta F^{(1)}=F_{h}(x, u)$
$\Vert\phi_{1}^{(1)}(u)\Vert=\frac{O(\Vert F_{h}(\alpha_{1},u)||)}{O(||F_{New}’(\alpha_{1},u)\Vert)}=\frac{o(\Vert u\Vert^{\nu+n\lambda})}{O(\Vert u\Vert^{\nu+(n-1)\lambda})}=o(\Vert u\Vert^{\lambda})$ .
(4.7) $k=1$ $k-1$ :
$\frac{||\delta F^{(j)}(\alpha_{i},u)||}{||F_{New}’(\alpha_{i},u)||}=o(\Vert u\Vert^{\lambda+j-1})$ for small $\Vert u\Vert,$ $j=1,$ $\ldots,$ $k-1.$
(3.6) $\Vert\delta F^{(k)}(\alpha_{1}, u)\Vert,$ $k\geq 2$ ,
$O( \sum_{j=2}^{n}\frac{\Vert F_{New}’(\alpha_{1},u)\Vert}{||\alpha_{1}-\alpha_{j}\Vert}\cross[\sum_{k=1}^{k-1}\frac{||\delta F^{(k’)}(\alpha_{1},u)||}{||F_{New}’(\alpha_{1},u)||}\Vert\delta F^{(k-k’)}(\alpha_{j}’ u)\Vert||F_{New}(\alpha_{j},u)\Vert])$
$= \frac{0(\Vert u||^{\nu+(n-1)\lambda})}{O(||u\Vert^{\lambda})}\cdot\sum_{k=1}^{k-1}o(\Vert u\Vert^{\lambda+k’-1})o(\Vert u\Vert^{\lambda+(k-k’)-1})=o(\Vert u\Vert^{\nu+n\lambda+k-1})$.
$\Vert(\psi_{1}^{(k)}(u)\Vert=\Vert\delta F^{(k)}(\alpha_{1}, u)\Vert/\Vert F_{N}’$ $w(\alpha_{1}, u)\Vert=o(\Vert u\Vert^{\lambda+k-1})$
5 Hensel
(3.4) $-(3.6)$ Hensel [12]
$u$ Hensel
2 $u$ $f_{n}(u)$ Hensel $\overline{\phi}_{1}^{(\infty)}(u, 1)$
$\alpha_{1}(u)-\alpha J(u)(2\leq j\leq n)$
(3.4) $G_{1}^{(k)}(x, u, t)$ (3.6) Hensel $\overline{\phi}_{1}^{(\infty)}(u, 1)$ $F_{New}(\alpha_{1}, u)=$
$f_{n}(u) \prod_{j}^{n}=2(\alpha_{1}(u)-\alpha j(u))$ $f_{n}(u)$







4 $r\ll 1$ $\Vert u\Vert^{2}=r^{2}$ $S_{r}$ $S_{r}$ $f_{n}(u)$
$\alpha_{1}(u)$ $S_{r}$ $\mathcal{B}_{r}$ $\check{S}_{r}=S_{r}-\mathcal{B}_{r}$
$[\check{S}_{r}]$ $\phi$1 $(u)$ ]
$arrow 0$ as $rarrow 0$ . (5.1)
$[\check{S}_{r}]$ $\phi$1 $(u)$ ]
$\overline{\alpha}_{1}(u)$ $\check{S}_{r}$ lk) $(u)(k\geq 1)$ $F_{New}(\alpha_{1}, u)$
2 $F_{New}(\alpha_{1}, u)$ $\Vert\delta\beta_{1}^{(k)}(u)\Vert/\Vert\alpha_{1}(u)\Vert=o(\Vert u\Vert^{k-1})$
(5.1) $rarrow 0$ $0$
1 Hensel $\overline{\varphi}_{1}^{(\infty)}(u, 1)$
3( ) 2 $F_{2}(x, u, v)$ Hensel
4 Hensel $\overline{\phi}_{1}^{(4)}(u, v)$ $\overline{\varphi}_{i}(u, v)(i=1,2,3)$ $-a\leq u,$ $v\leq a$
Hensel “ ” $\mathcal{D}\delta$
$\mathcal{D}_{\delta}=\{(u, v)\in \mathbb{R}^{2}|\min_{i=1,2,3}|\overline{\phi}_{1}^{(4)}(u, v)-\overline{\varphi}_{i}(u, v)|<\delta\}.$
$\delta$ 0.01 0.001 $(u, v)$ Hensel
$\mathcal{D}_{\delta}$ la, lb “ ”
$\triangleleft 10$ $Ap5$ $0\alpha$ $0\ovalbox{\tt\small REJECT} s$ $010$
la $(a=1.0, \delta=0.01)$ lb $(a=0.1, \delta=0001)$
la “ ” la
4 10 10 ( $\delta$ )
lb lb 4
la lb $(u+v)x-1$ Hensel $\overline{\phi}_{1}^{(4)}(u, v)$
$u+v=0$
$k=4$ Hensel







3 $\alpha_{1}(u)\in \mathbb{C}[u]$ Hensel $\phi_{1}^{(\infty)}(u, 1)$
$F_{New}(x, u)$ $\mathbb{C}[x, u]$ $F_{New,1}(x, u)\cdots F_{New,r}(x, u)$ $F_{New,1}(x, u)$
$\alpha_{1}$ $\deg(F_{New,1})=m>1$ $\alpha_{1}$ $\alpha_{1,1}(=$
$\alpha_{1}),$





$\mathbb{C}^{\ell}$ Hensel $\phi_{1}^{(\infty)}(u, 1)$
CO PO PO Cl PO
$P_{1}$ 5
5 Hensel $\phi_{1}^{(k)}(u, 1)(k\geq 2)$ $C_{0}$ $P_{0}$
Hensel









4(Hensel jumping). $F_{3}(x, u, v)$
$F_{3}(x, u,v)=[(u+v)x-1](ux-1)(vx+1)+(u^{4}+v^{4})x^{2}+u^{3}v^{3}.$
$vx+1$ Hensel $\phi_{3}^{(10)}(u, v)$ $\varphi_{i}(u, v)(i=1,2,3)$ $C_{3}$ :
$(u, v)=0.1\cross(\cos\theta, \sin\theta)$ $(0\leq\theta\leq 2\pi)$ (
) $\circ$ $F_{3N}’$ $w(-1/v, u, v)=(u+v)(u+2v)/v^{2}$ 2 $u+v=0,$ $u+2v=0$
$C_{3}$ $\theta=3\pi/4,5\pi/6,7\pi/4,11\pi/6$
$2a\phi_{3}^{(10)}(u, v)$ $2bRe(\varphi_{i}(u, v))(i=1,2,3)$
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$2a$ $\phi_{3}^{(10)}(u, v)=-1/v+$ H. $T$ . C3 $\phi_{3}^{(10)}$
$:\theta=0,3\pi/4,5\pi/6,$ $\pi,$ $7\pi/4,11\pi/6,2\pi$ $2b$
$C_{3}$ $\%(\varphi_{i}(u, v))(i=1,2,3)$ ; $\phi_{3}^{(10)}$
: $\theta=0,3\pi/4,$ $\pi,$ $7\pi/4,2\pi$ (
Mathematica 4
Mathematica ) Hensel $\theta=5\pi/6,11\pi/6$ jump
$\theta=0,$ $\pi,$ $2\pi$ jumping
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